is solved with the Darboux transformation. Based on this solution, the longitude and transverse field evolution is presented; the time-varying coefficients (dispersion and nonlinear parameters) of NLSE are determined; the dynamical properties of the photonic crystal fiber-based metamaterials and the turning from loss to gain in photonic crystal fibers are interpreted; the resonance effect is redefined; and the resonance frequency which is a function of field is calculated.
Introduction
Recently, the introductions of small-cored optical fibers and micro-structured optical fibers have enabled major advances in obtaining Supercontinuum(SC) spectral broadening [1] , [2] and negative Metamaterials [3] .
In most cases of SC generation, the inclusion of higher-order dispersion terms is necessary and the slowly varying envelope approximation is broken down [4] . So a set of coupled generalized nonlinear Schrodinger equations (GNLSEs) have been established which go beyond the traditional slowly varying envelope approximation [5] , [6] . In [7] , authors derived a unidirectional pulse propagation equation and provided a seamless transition from Maxwell's equations to the various envelope-based models. In [8] , by theoretically analyzing the mechanism of spectral broadening and the effect of saturation nonlinear response, the scalar effective index method was employed to calculate the system parameters such as dispersion and nonlinearity. The second-order correlation functions were introduced to represent the elementary fields for predicting SC propagation in a linear dispersion system in [9] . To describe the filament phenomena, the full three-dimension nonlinear Schrodinger equation (3D+1NLS) was numerically solved [10] , [11] .
On the other hand, the Darboux transformation is employed in the construction and analysis of a variety of modified nonlinear Schrödinger equations [12] - [15] . It is initially used for Dirac Hamiltonians with pseudo-scalar potentials. Based on the Lax pair, the methodology is extended to derive N -soliton solutions by employing the simple, straightforward Darboux transformation.
Focused on a variable-coefficient coherently coupled NLS system, and when the inhomogeneities of fibers and nonuniformities of boundaries are considered, the coupled NLS systems with the variable coefficients are better than that by constructing the constant-counterparts to describe the corresponding physical phenomena [14] , [15] . Because the Darboux transformation can be adopted to choose the specific set of parameters and free functions, the first-and second-order rational solutions of the nonparaxial NLS equation were presented in [14] . Actually, the peak height of a high-order breather is just a sum of peak heights of first-order breathers plus that of the background. Detailed results have been verified for breathers on a cnoidal background and generalizations to more extended nonlinear Schrödinger equations, such as the Hirota equation [15] .
In this paper, based on our deriving transient nonlinear equation (TNLE) in which the frequency and wavenumber of the field are functions of time(a fast time scale) [16] , we will resolve it with the Darboux transformation, thus the dispersion and nonlinear parameters varying with frequency will be defined.
Theory
We assume the field is:
where E is the field, F (x, y) is the transverse part of field, A (z, T ) is the time-varying longitude part, and exp(iβz) is the longitude part excluding time.
Repeating the processes of (13) to (19) of [16] , we get:
It can be separated into two equations:
where
. ω is the frequency of field, ⊗ is the convolution operator, and χ
R (ω) are the cubic resonant and non-resonant susceptibility tensors, respectively [17] .
And
and a are the attenuation and absorption coefficients, respectively. Supposeβ(ω) = β(ω) + β, thus:
β is the wavevector. (3) can be simplified as:
Assume
Let u(z) = β 2 + 2β β, for the nonlinear Schrodinger equation:
we can from one solution (u (0) , ϕ (0) )| β=β 0 ,ω=ω 0 to get another solution (u (1) , φ (1) ). They obey the Darboux transformation:
The initial state is:
where ω = ω 0 , β 2 + 2β β ≈ 2β 0 γ|Ē | 2 . Extending to the higher order solution, they are(n ≥ 1):
The wavevector is:
Simulation and Discussion
To validate the theory, we adopt the same parameters as [18] to simulate the evolution of field (see Fig. 1 ). Similar to [18] , the linear part of the dielectric permittivity ε l (defining the linear refractive index n l ) is supposed to vary with the optical frequency ω: (8) has been validated in [16] . For initial CW field, the first-order modulation side-band is [19] :
Longitude Field
The possible induced frequencies for various transmission distances(z) and pump powers(P ) are shown in Fig. 1 But not all lights occurring at z = 30(μm) will be induced at z = 50(μm). So, the supercontinuum spectra occur in some places, but in the other place they may not be further induced. This means that the SC spectrum changes with distance. Along the transmission, some components are generated by the nonlinear effect and then dissipated by the loss. Comparing (a) with (c), we can obtain that the item e −iβz has an important impact on the supercontinuum field. The generated field can be control by properly choosing the zero-order dispersion β 0 and distance. Similar results can be obtained by analyzing the (b) and (d). Fig. 2 shows the evolution of the initial CW field simulated by the Darboux transformation solution.
Transverse Field
The transverse effect can be described as:
For the sake of mathematical simplicity, we consider the planar geometry with one transverse coordinate. The two-dimensional refractive index surface in the cylindrical coordinate can be written as:n 2 = n 2 z + n 2 ρ . Repeating the above processes of (4)- (14), and utilizing the parameters of [18] , we obtain the fission field (filament effect) which shown in Fig. 3. 
Parameter Determination
Now, the time-varying parameters can be determined. In Figs. 4 and 5, the nonlinear parameters γ(ω), including all order nonlinear effects are plotted for various and pump wavelengths. The red and blue lines are overlapped by the black in Fig. 4(b) means all the image values are the same as the altering. Fig. 6 shows the dispersion parameter β(ω). Both (3) and (19) are harmonic oscillator models. The resonance frequency is defined as: Fig. 7 shows the relationship between and ω and the resonance occurring when = ω. The increases of pump power and factor will induce higher harmonic frequency . So, as the pump power reaches 5774 (W), a induced red-shift light occurs resonance, shown with a red circle in Fig. 8(a) . Further increase the pump power, some induced blue-shift lights also occur resonances (the blue circles in Fig. 8(b) ). These points are meaningful for the design of Meta-materials.
Here, the results demonstrate that by the Darboux transformation, both the blue-and red-shift lights can be induced [15] . It derives all the solutions of (7) and can lists all the fields induced by the nonlinear and dispersion effects.
Turning from Loss to Gain
We extract the last item i α/2 of (6) and replace it into (7), then there is:
Obviously, the absorption becomes a gain. So, if both the second order differential to z (∂ 2 A /∂z 2 ) and the square of nonlinear coefficient ( β 2 ) are retained in TNLSE, the concept of parity-time symmetry is presented [20] . 
Conclusions
By the Darboux transformation, the transmission properties of the field can be simulated and the time-varying parameters of the transient Nonlinear Schrodinger Equation can be determined. The field in micro-structure fibers presents the harmonic properties, and increasing the pump power can make the induced frequency equal to the harmonic frequency (reaching the resonance state). This is the interpretation of photonic crystal fiber (PCF) Meta-materials. The concept of parity-time symmetry can also be interpreted by our proposal model.
